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1. INTRODUCTION 
The solution of problems in classical elastodynamics remains, for the 
most part, an extremely complicated and difficult task. Such problems, in 
addition to having all of the inherent difficulties of a boundary value problem, 
are, in general, subject to initial conditions as well. The work done in this 
area up to the present time has been chiefly in connection with special types 
of motion or geometric configuration. It appears that efforts to evolve a 
universal method of attack have not been overly successful. 
In regard to unified methods of approach, it is recalled that beginning with 
Betti’s work in 1872 [l], a vast amount of literature appeared in which the 
boundary value problems of static elasticity were treated by the influence 
function technique, similar to that used in connection with problems in 
potential theory. The majority of the work of this type published during the 
quarter-century prior to 1900 was written by Italians: Betti, Somigliana, 
Cerutti, Lauricella, Tedone, and others. It seems only natural that in this 
atmosphere someone might attempt to apply a similar procedure to the 
solution of problems in elastokinetics. Cerutti [2] did make such a try in 
1880, and though his paper contained some inaccuracies, it perhaps served as a 
stimulus to others. In a rather lengthy exposition published in 1807, Tedone 
[3] obtained integral representations for the displacement vector in terms of 
the initial data and boundary displacement and traction. A more recent work 
by Arzhanikh [4] outlines a method of obtaining the Laplace transform of 
the displacement, dilatation, and rotation by use of Green’s and Neumann’s 
functions of potential theory. His technique is open to objection, however, 
because it does not yield any of the quantities explicitly, but gives an inter- 
laced set of integral equations. 
Since the Laplace transformation converts the originally hyperbolic set of 
equations of motion into a set of elliptic equations, it would appear that the 
set of transformed equations might be more amenable to solution by influence 
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function methods than the original equations. It is the object of this paper to 
develop a technique for the solution of the transformed field equations, 
utilizing integral formulas, which depend on the transformed boundary 
conditions, the initial data, and a singular kernel, and yield the transform of 
displacement vector directly. While it is conceded that the inversion of such 
a vector is no mean task, the formal representation is well known and it will 
not be treated further in what follows. 
In order to lay a foundation for some of the later work, and also because 
the subject has some significance in its own right, one section is devoted to a 
brief study of stress functions which can be utilized in connection with the 
transformed field equations. It is shown that any vector field possessing 
sufficient smoothness can be represented by a certain combination of deriva- 
tives of a function. In particular, if the vector field is a solution to the trans- 
formed equations of motion, the generating function must satisfy a fourth 
order partial differential equation. For such a case, a particular integral to the 
aforementioned equation is given. 
The first requirement in establishing the desired integration procedure, 
which is the aim of this paper, is to determine the displacement field in an 
infinite medium caused by a force acting at a point. Inasmuch as the concept 
of a concentrated load is outside the framework of classical elasticity, it is 
necessary to make certain definitions, which are physically plausible, in order 
to obtain a corresponding displacement field. In this work, the field is defined 
in a manner which is most convenient for the work which follows. Based on 
this singular field, integral formulae for the displacement vector for the first 
and second boundary value problems are developed. 
2. PRELIMINARY INFORMATION 
Throughout the paper, the standard vector and dyadic notation is em- 
ployed. Vectors are denoted by a typed letter with a bar or carat above, and 
dyadics are represented by typed letter with a tilde above. The dot or cross 
placed between quantities indicate scalar and vector multiplication res- 
pectively. When double multiplication of dyadics is indicated, the symbols 
are defined as in Chapter VII of Weatherburn’s book [5]. The symbol V 
represents the conventional de1 operator. 
The linearized equations of motion of an isotropic, homogeneous elastic 
body are expressed: 
e; . fj E (b2 _ 4 V(v . 0) + a2V26 = -E + s (2-l) 
where t7 is the displacement vector, P the body force per unit mass, and a and 
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b are the propagation speeds of equivoluminal and dilatational waves res- 
pectively. 
After application of the Laplace transformation to Eq. (2.1), there results 
(2.2) 
where the lower case letters represent the transforms of the quantities repre- 
sented by upper case letters in Eq. (2.1), Es and ??s represent the initial 
values of displacement and velocity, and p is the transform parameter. 
A regular region of space is defined as in Sternberg and Eubanks [6] and is 
designated by D +B, where D represents the open region and B the bounding 
surface. In the case of an unbounded region, D contains all sufficiently 
distant points. A function of the spatial coordinates is said to be of class 71 
in a region if it and its partial derivatives up to and including order n are 
continuous in the region. 
A solution of Eq. (2.2) which is of Class 1 in D + I3 and has piecewise 
continuous derivatives up to and including the fourth order in D + B is 
called a regular solution. In the special case of an unbounded region, the 
additional requirements that z? = O(r-l) and that the magnitudes of the 
first and second derivatives of the vector vanish in the orders of Y-~ and rW3 
respectively, as Y, the distance from the origin, increases indefinitely must be 
satisfied for regularity. Any solution which is regular in an entire region 
except at a single isolated point, P, is called regular with a point-singularity 
at P. 
The transformed stress vector, acting on an element of surface is given by 
T(a) = p [2a22 + (b2 - 2a")(V . a> fi + a2fi x (V x ti)] (2.3) 
in which p is the mass density and fi represents the unit outward normal 
vector of the surface element. If zi and 5 are two vectors which are of at 
least class 1 in D + B, and if 6 has piecewise continuous second derivatives, 
the following is true: 
1, p[zz * (C . E)] (27 = J, T(5) . zdu - 1, S(G) :E(zqdT (2.4) 
S(V) = p(b2 - 2a2)(V . ql+ pa2(VG + 37) 
E(n) = *(vu 4 q 
I” = dyadic idemfactor. (2.5) 
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Since the volume integral on the right side of Eq. (2.4) is symmetric in 
B and C, the following is readily shown: 
J, p[zl * (tr .iT) - 77 *(C - ii)] dT = 1, [T(Z) * a - T(ii) - G] du. (2.6) 
This is the well known theorem of reciprocity established by Betti [l]. A 
uniqueness theorem may be established, using Eq. (2.4), in exactly the same 
manner as for classical elastostatics. Details of the proof are given in Love’s 
treatise [7]. We mention here that, although the proof is made for a bounded 
region, the uniqueness theorem is also valid for an unbounded region as 
long as the displacement field satisfies the regularity requirements set forth 
previously. 
In the following pages we shall have an opportunity to introduce dyadic 
solutions to the transformed field Eqs. (2.2) and also to apply the reciprocity 
theorem (2.6) to a vector and a dyadic rather than to two vectors. The opera- 
tors in Eq. (2.2) remain the same but must be interpreted as applying to 
dyadics. The convention used is fromWeatherburn(5). Regularity of dyadics 
implies the same thing as in the case of vectors, and imoothness require- 
ments, where needed, remain unchanged. 
3. GENERAL SOLUTIONS OF THE TRANSFORMED FIELD EQUATIONS 
In 1892 Somigliana [S] demonstrated that in the absence of body forces, 
solutions to Eq. (2.1) may be represented in the form 
if G, satisfies the equation: 
(3.2) 
More recently, Lurie [9] and Iacovache [lo] rediscovered this representation 






We are thus motivated to seek a general solution of a comparable form to 
the transformed Eqs. (2.2). Inasmuch as u,, and e,, are functions of the 
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spatial coordinates only, the following substitution is made for ease of opera- 
tion : 
AT .=.J pfy,, - do. (3.4) 
In what follows this term will be referred to as the body force. 
THEOREM 1. Let 8 be twice piecewise continuously diflerentiable, and 
therefore the displacement ti will have piecewise continuous derivatives up to 
and including the fourth order. Then in any bounded regular region, there exists 
a vector field e which has piecewise continuous derivatives through the fourth 
order, such that 
fj = yzG - pe - !$!c V(c’ . q 
(V2 - a”) (VG - pq = - 5 (3.5) 
where 
P2 a2 -x -. 
a2’ 
That d, represented in this form, satisfies the transformed field equations is 
readily verified by direct substitution. It will now be shown that any vector 
which has piecewise continuous second derivatives, whether a solution to 
Eq. (2.2) or not, can be expressed by the first of Eq. (3.5). To illustrate this, 
let 
b’ = a; a’ =b; p’ = 01; a’ = /3. 
Then from Eq. (3.5): 
p . e ~ p2G = ar2& (3.6) 
where C? is the same as C? except the primed constants are substituted for the 
unprimed ones. Now define: 
Wp, P> = - 4?r(at2 
1 
_ 8’2) s /(Q) 
e-a’r(P,Q) _ e-,9’r(P,Q) 
r(P, Q> d7Q (3.7) 
in which P : (x, y, a) : Q : (x’, y’, a’) and 
r = [(x’ - x)” + (y’ - y)” + (2’ - z)~]~/~. 
This function satisfies the relationship: 
(VZ - Ly’2) (V@ - /3’“FJ) = ri. (3.8) 




V(V * A). (3.9) 
Again, it may be shown by direct substitution that Eq. (3.6) is satisfied for e 
defined by the last equation since g obeys Eq. (3.8) and this gives proof 
that the representation (3.5) is complete. 
By use of the same scheme as in Eq. (3.7) we may construct a particular 
integral of the second of Eq. (3.5): 
j x(Q) 
e-olr~~,Q) _ e-BrW,Q) 
r(P, Q) 
drQ . (3.10) 
D 
An examination of the foregoing integral suggests that C? can be expressed as 
a sum of two functions satisfying inhomogeneous Helmholtz equations. We 
are thus led to the following: 
THEOREM 2. Let ti have piecewise continuous derivatives through the fourth 
order. Then in any bounded region the displacement potential C? can be decom- 
posed into two component fields : 
where cU and cB satisfy: 
vGa - c2Ga = - x 
a2(012 - /I”) ’ 
- w/j - /3”Gb = 
a2(a2T /3”) ’ 
(3.11) 
To verify the foregoing one need only make the following definitions: 
This result just stated is somewhat analogous to the one given by Sternberg 
and Eubanks [l l] concerning the possibility of representing any solution 
to the second of Eq. (3.5) as the sum of two functions, each satisfying a 
wave equation. Other results given by these authors [l l-131 can also be 
extended to show that solutions to the transformed equations of motion may 
be represented by the familiar Stokes-Helmhoitz decomposition and by 
a scheme similar to the Papkovich-Neuber representation of elastostatics. 
4. BASIC SINGULAR SOLUTION 
In defining the displacement field in an infinite region, caused by an inter- 
nal concentrated load, the device employed by Sternberg and Eubanks [6], 
for a static load, may be utilized to obtain the basic singular solution to the 
transformed field equations. Essentially, this technique requires the deter- 
mination of the limiting value of a sequence of regular solutions of the 
transformed field equations subject to a transformed body force which acts 
in a small region surrounding the point at which the concentrated force is 
assumed to operate. In order to establish the existence of the desired limit, 
certain sufficiency conditions, in the form of restrictions on the body force 
distributions, are required. As pointed out by the previously mentioned 
authors, an earlier analysis of the corresponding static problem [7] though 
made without inclusion of one of the restrictions, did yield the correct result. 
They also demonstrate by means of a counterexample, that an erroneous 
result can be obtained if all of the sufficiency conditions are not met. Such 
solutions are called “pseudosolutions.” 
Here, a different definition of the displacement field due to a concentrated 
load is made. Corresponding to a force operative at point P : (x, y, z) in an 
arbitrary bounded regular subregion of the entire space, D, + B, , we define 
the transformed displacement vector field Gs(Q, p), which satisfies the homo- 
geneous transformed field Eqs. (2.2) at all points in space except P, in the 
following way: 
DEFINITION. Let &(Q,p) be a solution of the homogeneous Eq. (2.2) 
with a point singularity at P, a point lying in a bounded regular region 
D, + B, . Consider a regular solution of the homogeneous Eq. (2.2), G(Q, p), 
defined in D, + B, . Apply the surface integral of the reciprocity relation 
of Eq. (2.6) to U, and V on a spherical surface, Z, centered at P. If, when Z 
is diminished indefinitely, the integrals over Z yield the scalar product 
between the transform of the force operating at P and the value of the 
transformed regular displacement, G, at point P, then U, represents the trans- 
formed displacement due to the point force acting at P. 
This mode of definition also provides a method of checking any given 
singular solution to insure that it actually represents the desired field and is 
not a pseudosolution. It is possible because, as will be shown in the develop- 
ments that follow, the solution to the interior concentrated force problem, as 
defined in the preceding lines, is unique. We formalize this statement in the 
following: 
THEOREM 3. Let zis(Q,p) be of class 4 and a solution of Eq. (2.2) in all 
of space except for a singular point at Q : (x’, y’, z’) = P : (x, y, z), and 
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further let ziS(Q,p) b e b ounded as r increases without limit. Let D, + B, be a 
regular subregion of the entire space such that P is in D, , and let Z be a small 
spherical surface centered at P and having a radius l Let Z(Q, p) be a regular 
solution of the homogeneous form of Eq. (2.2) defined in D, I B, , and assume 
that on .Z the following is true: 
tz 1 F’(V) . u,du - 1 5?(&) .5du = Lg;g(p) . G(P). (4.1) 
z z 
Then i&C&, P> P re resents the transformed displacement due to a concentrated 
force Lg(t) operating at point P. Furthermore, in the sense of the limit in Eq. 
(4. I), ziS is unique and is given by : 
Jg(p) - .vve- 
.T(P,Q) 
zs,(Qv P) = - 4?rpp2 
_ e-Br(P,Q) + zg(p) e-ar(P,Q) 
q(P,Q, --. +a2 r(f’, Q) 
(4.2) 
Recall that Eq. (3.5) yields a complete representation of any displacement 
and that C? can be represented as a sum of two functions if the side conditions 
(3.11) are adhered to. If, then, z& is to be represented in this manner, it is 
necessary to find c= and cP such that 
for all Q # P in the full space. It is recalled that all singular solutions of these 
equations consist of such terms as e--‘/r or eeBr/r plus their partial derivatives. 
For the first step consider 
(4.4) 
where A and B are constants and I?, is an arbitrary vector function of p. 
We shall now examine the limit of Eq. (4. l), using ziS formed from the func- 
tions of Eq. (4.4) according to the rule in Eq. (3.5). From the results thus 
obtained, all results which would be obtained by the use of partial derivatives 
of these functions in the limit process, can easily be derived. 
We have, first of all: 
8, =I, * 
[ (4.5) 
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This expression for ziS is placed in Eq. (4. I) and after a moderate amount of 
calculation the following result is obtained: 
= 47r@(cG - 
- Qrpa2 (!k$) (A +B)E,*V xv x iJ(P,p). (4.6) 
In particular if: 
A= 
1 
47r/JaZ(012 - /3”) 
B=-A 
El = WJ) (4.7) 
the right side of Eq. (4.6) re d uces to the quantity specified in the hypothesis 
of the theorem. Also, if these values are placed in Eq. (4.5), it reduces to the 
displacement expression given by Eq. (4.2). To examine the uniqueness, we 
use Betti’s theorem and write: 
I ii . z&da - j, ii(z&) .6du = j, T’(C) * C&J - j, @J * 5du. (4.8) Bl 
Consequently: 
47rp&ya~ - 82) (9) J5 * qp, p) 
- Q7rpa2 (vj (A+B)&V x V x fi(P,p) 
= s, i’(a) . &do - j,, @q) . Gdu. 
If this expression is differentiated with respect to the rectangular Cartesian 
coordinates at P, the only terms in the integrands to be affected will be the 
singular vector z& and its corresponding stress vector i;(z&). In addition, the 
respective derivatives of these functions with respect to X, y, .a will be either 
plus or minus one times the corresponding derivatives with respect to x’, y’, z’, 
depending on whether the order of the derivatives involved is even or odd. 
We are thus led to conclude that only derivatives of U will occur as 
a consequence of the limit process stated in Eq. (4.1), if derivatives 
of e-“/r and e-p’/r are used in the displacement potentials em and (?a . We 
note that in carrying out the limit process on the spherical surface, the same 
LAPLACE TRANSFORMS AND CLASSICAL ELASTOKINETICS 127 
result would have been obtained if a regular solution, say zir , had been added 
to lis: 
c * = zi8 + ?q . s 
However, in order that 4 be bounded at all points, no matter how far distant 
from the origin, it must vanish throughout space. Consequently, the dis- 
placement given by Eq. (4.2) is the only one possible which will satisfy the 
conditions set forth in the theorem. 
5. SOLUTION OF BOUNDARY AND INITIAL VALUE PROBLEMS 
A. Integral Formulas 
Having obtained the basic singular solution, appropriate to a concentrated 
internal load, we are now able to develop certain integral formulas which 
produce an expression for the transformed displacement vector in terms of 
transformed surface displacements, or stresses, and the initial state of dis- 
placement and velocity in the body. 
First of all, we establish some helpful relationships between initial and 
boundary values of the displacement field and the value of the displacement 
vector, the dilatation, and the rotation at any interior point of a regular 
region. This is accomplished through application of the theorem of reci- 
procity (2.6) to the singular solution (4.2) and a regular solution of the 
basic field Eqs. (2.2). We write: 
where, as previously x is the sum of body forces and initial conditions, and 
Z is a spherical surface, centered at P. Also, 8 and its first and second 
derivatives are assumed to be piecewise continuous. From Eq. (4.1) and the 
work that follows it, we observe that this last expression can be written: 
+ jB z&(P, Q, p) * r[tJ(Q, P)] da, - j T'[%(p> Q, P)I * z(Qs 1'1 duQ . (5.2) 
B 
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Since i; is an arbitrary constant vector, we may further set down: 
where 
rl’[U,] = p [2a2 2 + (b2 - 29) (OS * V) ?? + u”( r”i, x 8) x fi] . (5.4) 
This expression is analogous to Green’s third identity in potential theory 
and is an extension of the formula developed by Somigliana [16] for the 
displacement components in elastostatics. We may also obtain formulas 
for the transformed dilatation and the transformed rotation vector by com- 
puting the divergence and one-half of the curl of both sides of Eq. (5.3). The 
resulting expressions differ from Eq. (5.3) only in the nature of the singularity 
in their integrands. In the case of the dilatation, OS is replaced by 
and for the rotation it is supplanted by 
(5.5) 
We note that 0, , and therefore g,? and fis , are all solutions of the homo- 
geneous transformed equations of motion (2.2). The volume integrals in 
Eqs. (5.3), and the corresponding volume integrals in the formulas for dilata- 
tion and rotation possess singularities in their integrands and should therefore 
be investigated for convergence. A few routine calculations verify that in all 
three cases the integrals do, in fact, converge. 
B. First and Second Boundary Value Problems 
The formulas established in the preceding section for the transformed 
displacement, dilatation, and rotation all involve the transforms of both 
surface displacement and surface tractions. Unfortunately, in the solutions 
of boundary value problems in elastodynamics, only one of these two quan- 
tities is usually specified. Consequently, the aformentioned relationships are 
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not adequate for the solution of problems of practical interest. They can, 
however, be modified to yield a formal representation of either of the desired 
quantities in terms of a volume integral and a surface integral containing 
only the surface displacement or the surface traction. We consider first, the 
case in which the surface displacement is specified. 
Let G(Q,p) be a regular solution of the transformed field Eqs. (2.2) in a 
regular region D + B, and have the value of G(Q, p) specified at all points in B. 
Let I%‘i(Q,p) be a regular dyadic solution of the homogeneous form of 
Eqs. (2.2) and for all points in B: 
WI = OS . 
By the theorem of Betti, the following is true: 
(5.7) 
- s i’[@@, p)] * z(Q, P) do, =0. (5.8) B 
If now, this equation is subtracted from Eq. (5.3), there results: 
W', P) = j/V', Q, I') . d(Q, P) dTQ - j F;[FV', Q, P)] * G(Q, P) da, B (5.8) 
where 
In the second boundary value problem of elasticity, the surface tractions 
are specified at all points of B. A formula, similar to Eq. (5.9) is obtained by 
finding a regular dyadic solution I?‘a(Q,p) subject to the condition that for 
all points in B: 
T;[%(Q, 1’11 = T;[f?,z(P, Q, ~11. (5.10) 
Then proceeding in exactly the same manner as in the foregoing case, the 
following expression is obtained: 
V', P) = j, N(P, Q, P> . dCQ2, P> dTQ + j NV', 8, P) * %(Q, PII da, B 
in which 
It is quite evident that the construction of either kernel dyadic, p or N, 
occuring in Eqs. (5.9) and (5.11), re q uires the solution of a boundary value 
409/13/I-9 
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problem in itself. The kernels, however, are dependent only on the region of 
space involved, and do not depend in any way on the initial or boundarv 
values. Therefore once T and &’ are known for a particular region, formal 
solutions to the first and second boundary value problems for the transformed 
displacement field, are given by the two integral formulae mentioned above. 
C. Inversion and Verification of‘ Solution 
In order for the representations given by Eqs. (5.9) and (5. I1 j to be use- 
ful, they must be inverted to give the displacement as a function of time. 
The time-dependent function must in turn satisfy the prescribed boundary 
conditions, the initial conditions, and the field equations of motion. Invert- 
ibility requires certain restrictions on the continuity, analyticity, and order 
properties with respect to the parameter p, of the function. Verifying that the 
final solution meets all conditions can either be shown by dealing with the 
inverted form itself or by investigating the inversion integral, whichever 
is most convenient. 
Unfortunately, it does not appear that any general statements can be made 
concerning the inversion or substantiation of the solution found by the me- 
thods outlined here. This is due largely to the unknown character of the 
auxiliary dyadics WI and I%‘2 . While no serious difficulty is anticipated in 
most cases of general interest, either with inversion or verification, it remains, 
at least for the present, to examine each problem individually. 
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